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ABSTRACT
Reference distributions quantify the extremeness of clinical test results, typically relative to those of a
healthy population. Intervals of these distributions are used in medical decision-making, but while there
is much guidance for constructing them, the statistics of interpreting them have been less explored. Here
we work directly in terms of the reference distribution, defining it as the likelihood in a posterior calculation
of the probability of disease. We thereby identify assumptions of conventional interpretations, criteria for
combining tests, and considerations for personalization.
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Disease can perturb the abundances of chemical substances,
called analytes, measurable by clinical lab technology. How-
ever, even when an analyte is physiologically expected to be
associated with a disease, it is not immediately clear how to
translate lab measurements to clinical decisions: how should
these numbers dictate action (McNeil, Keeler, and Adelstein
1975; Murphy and Abbey 1967)? Reference distributions, which
represent the variation in test results among healthy people,
provide one way to interpret clinical results on the assumption
that it is noteworthy if a patient has an extreme enough value
relative to this population (Clinical and Laboratory Standards
Institute 2008). Test results are commonly displayed alongside
reference intervals, thresholds of extremeness with respect to
the reference distribution—a familiar sight in blood reports.
One very large-scale study of more than half a million people,
for example, inferred a reference interval for albumin-adjusted
serum calcium of 2.19–2.56 mmol/L (Schini et al. 2021). If used
clinically, test results outside this interval would be flagged. The
authors speculated that adopting this interval over the previous
consensus interval of 2.20–2.60 mmol/L (Berg and Lane 2011)
would affect rates of calcium metabolism disorder diagnosis.

Studies of simulated and clinical data over several decades
have informed guidelines (Solberg 1987; Clinical and Labora-
tory Standards Institute 2008) about how to set these reference
intervals. Topics of statistical recommendations include infer-
ring intervals from data (Reed, Henry, and Mason 1971; Lott
et al. 1992; Horn and Pesce 2003), subgrouping reference data to
create more specific intervals (Harris and Boyd 1990; Lahti et al.
2004), and transferring intervals between labs (Estey et al. 2013).
With increasing data has come a growing concern to create
new references and tune existing ones. Reference intervals are
reconsidered (Surks, Goswami, and Daniels 2005; Ceriotti et al.
2008), new ones constructed (Malka et al. 2020), and sources
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of healthy variation accounted for (Miller et al. 2014; Ozarda
2016), with an enduring goal being references personalized to
the patient (Cohen et al. 2021).

Although less abundant than studies on constructing inter-
vals, important work has been done on how to interpret them
for diagnosis (Murphy and Abbey 1967; Schoenberg 1970; Sun-
derman Jr. and Van Soestbergen 1971; Wilson 1973). Because, in
clinical practice, results are compared to reference intervals, pre-
vious theory has framed questions of interpretation by viewing
reference intervals as thresholds of diagnosis. Indeed, a reference
distribution is generally seen as an intermediate object whose
purpose is to yield a reference interval (Solberg 1987; Wright
and Royston 1999; Horn and Pesce 2003; Ichihara, Boyd, and
IFCC Committee on Reference Intervals and Decision Limits
(C-RIDL) 2010). It has been shown, critically, that the diagnostic
predictiveness of intervals depends on the prevalence of the
disease (Sunderman Jr. and Van Soestbergen 1971) and the
distributions of results among both the healthy and non-healthy
population (Murphy and Abbey 1967; Schoenberg 1970; Wilson
1973).

While it is reasonable that thresholds be valued endpoints
in clinical application since clinical diagnoses and actions are
often binary choices, the underlying level of concern that results
should elicit is continuous. The probability of disease is a math-
ematically more valuable quantity than a yes-or-no prediction.
In focusing directly on diagnostic thresholds, current theory
largely gives up this intermediate continuousness, which can
make it difficult to reason precisely about downstream questions
regarding clinical practice.

Here, instead, we formalize the connection between reference
values and the probability of disease in terms of population-
level distributions of test results. This approach allows us to
expressively analyze aspects of reference distributions and their
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resultant intervals. We identify assumptions of current clinical
interpretation and reason about how to interpret test results in
a personalized manner and with respect to other analytes. Our
analysis often complements and expands on prior work. We
synthesize previous findings, recapitulate and counter various
theoretical arguments, and highlight new considerations for
constructing references. For the sake of generality, we make few
assumptions and examine a wide range of examples.

1. Reference Distributions Express Likelihoods of
Results

A patient’s test reports a concentration y of an analyte. How
should this result be interpreted?

The test might have been ordered to rule out or settle on
some set of diagnoses, according to which additional tests may
be performed or treatment adjusted. So, the test result y could be
interpreted in terms of the probability of each possible diagnosis
d given that result (Ledley and Lusted 1959). Applying Bayes’
theorem shows that p(d|y) depends on p(y|d)p(d), a factor that
would need to be computed for separate diagnoses. Thus, for
each diagnosis considered, a prior probability, or “pre-test suspi-
cion,” (Boyd 2010) would be required (Sunderman Jr. 1975), as
well as the likelihood of the result given that diagnosis, estimable
by measuring the frequency of that result among a sample of
patients with the diagnosis.

Grouping all diagnoses together as “non-healthy” and asking
only whether the patient is “healthy” (H) or “non-healthy” (H′)
simplifies the matter. We need only compute

p(H|y) = p(y|H)p(H)

p(y)
, (1)

as illustrated in Figure 1. (An intermediate simplification is to
ask whether the patient should be diagnosed with a broad class
of disease informed by the test, an event D.) In Bayesian terms,
p(H|y) is the posterior, p(y|H) is the likelihood, and p(H) is the

Figure 1. The posterior probability of health is determined by the prior probability
and the distribution of results among the healthy and non-healthy. In this example,
healthy results are normally distributed about zero, while non-healthy results are
a mixture of two normal distributions on either side of the healthy mode. Due to
the shape of the non-healthy distribution, results to the left of the healthy mode
become concerning more quickly than to the right.

prior. Indeed, there is now only one prior to calculate: define
criteria for who qualifies as healthy and ask what proportion of
the population is healthy. Testing this healthy population will
estimate p(y|H). To sample

p(y) = p(y|H)p(H) + p(y|H′)(1 − p(H)), (2)
the overall distribution of results in the population, both healthy
and non-healthy people should be tested. Both distributions are
important for interpreting the result (Murphy and Abbey 1967;
Schoenberg 1970; Wilson 1973).

In practice, statistical interpretation of quantitative lab
results is often done with just p(y|H), what is called a (health-
associated) reference distribution, representing results among
apparently healthy people (Gräsbeck 2004). Much has been writ-
ten about how to empirically construct reference distributions.
The standard procedure is that a sample of results from a healthy
population be collected (Clinical and Laboratory Standards
Institute 2008). Then different methods, accounting for outliers
(Dixon 1953; Reed, Henry, and Mason 1971) and the shape of
the distribution, may be used to estimate quantiles of p(y|H)

(Horn and Pesce 2003). Parametric methods assume a form
of the distribution while nonparametric methods are interested
directly in the sample quantiles. To calculate the commonly used
95% interval, sampling on the order of 200 reference values is
recommended (Reed, Henry, and Mason 1971; Lott et al. 1992;
Miller et al. 2016).

Studies can apply different criteria to decide who is healthy,
the definition of which can be controversial (Callahan 1973).
Some authors use a definition of health that seems aligned with
computing p(y|D) (Schneider 1960), for example, that “A person
may be suitable as a healthy reference individual for one test
…but unsuited for another” (Gräsbeck 2004), while others use
health criteria that are uniform across tests (Horn and Pesce
2003), which aligns with computing p(y|H). We will use the
H notation for simplicity, but in practice the particular criteria
should be specified (Clinical and Laboratory Standards Institute
2008).

2. Using Reference Distributions Requires
Assumptions on Non-healthy Results

The theoretical simplifications above result in an object, the
reference distribution, that is relatively easy to estimate but does
not yield all the probabilities of different diagnoses (Boyd 2010).
An assumption that underpins current clinical use is that the
extremeness of a result with respect to the reference distribution
corresponds to how concerning it is. This assumption is true, for
example, if p(y|H′) is more diffuse than p(y|H), as in both limits
of Figure 1. But the non-healthy distribution flexibly affects
the implications of a patient’s result. If, to take an exceptional
example, non-healthy results were for some reason concentrated
at a high-probability interval of y|H, then extreme results could
unintuitively be reassuring (Fig. S1A). And using (1) and (2), we
can also see that extremes of an analyte unassociated with health
(i.e., when y|H and y|H′ are identically distributed) would not
be informative with respect to disease no matter how extreme
the result, though we should not expect this to ever be exactly
the case especially since analytes are often chosen based on
physiological connection with disease.
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It is also often implicitly assumed that extremes are only at the
left and/or right limit of y. If true, the extremeness of the result
can be quantified using the cumulative distribution function
F(y|H), with high F(y|H), for example, corresponding to high
extremes. Depending on the analyte, a low result, a high result,
or both (as in Figure 1) could be concerning. If both are con-
cerning, one might quantify the extremeness of the result as, say,
min (F(y|H), 1 − F(y|H)). Consider, however, a case in which
there are two modes of healthy results, and that non-healthy
results also exhibit these two modes but more diffusely. (Perhaps
these modes are explained by certain covariates, the sort of
situation we will analyze later.) Then concerning extremes are
not exclusively at the left and right of the graph: they can also
lie between the two modes (Figure S1B). Directly applying a
nonparametric method, using the rank order of reference values
rather than their parametric form, to construct a reference inter-
val would in this case obscure such nuances. It is sometimes held
that nonparametric methods make no “assumptions as to the
specific form of the underlying distribution of the data” (Horn
and Pesce 2003) and that “they can be applied to any set of
data, regardless of how the parent population of values is dis-
tributed” (Schneider 1960). As these cases show, however, there
are assumptions in considering only the tails of the reference
distribution as regions of concerning extremes.

Even if it is known where the concerning extremes lie with
respect to the reference distribution, the risk of disease can
vary continuously with the extremeness of the test result; there
are often no clean boundaries on the result that dictate the
occurrence of disease. But clinical decisions are often discrete: an
action is taken or not. And so thresholds of extremeness, based
on the available information, are set between courses of action.
A 95% interval is typically used to define thresholds for concern
(Bold 1976; Ceriotti, Hinzmann, and Panteghini 2009; Boyd
2010), as it often is for other statistical analyses and illustrations,
including here. It is a convenient but ultimately arbitrary choice
(Bold 1976; Albert 1981; Vickers and Lilja 2009; Boyd 2010)—
why not use, say, 89% as a default for statistical analyses (McEl-
reath 2018, chap. 4)? Ideally, rather, the probability of health,
combined with the potential costs and benefits of actions should
dictate the optimal threshold (Murphy and Abbey 1967; Wilson
1973; Sunderman Jr. 1975; Pauker and Kassirer 1975; Vickers
and Lilja 2009; Miller et al. 2016). As Figure 1 illustrates, the
former depends on p(y|H′), as do the sensitivity and specificity
of a threshold in detecting disease (Wilson 1973). And indeed,
a threshold on min (F(y|H), 1 − F(y|H)) may have different
diagnostic ability according to the tail at which the extreme
result lies.

Statistical decision theory (DeGroot 2005) can be used
to understand how to act on a test result. Since reference
distributions are typically used to interpret safe, noninvasive,
and relatively inexpensive tests performed at the discretion of
the physician, it is reasonable to exclude the cost of the test
from the decision-making process, as opposed to, say, biopsies
(Springfield and Rosenberg 1996; Burnside, Chhatwal, and
Alagoz 2012), which might call for additional consideration of
what it will reveal about the proper course of treatment in light
of risk to the patient (Gelman et al. 2013, chap. 9). Let us focus
instead on whether to flag the result. Given the expected costs of
flagging it incorrectly, LH for a false positive and LH’ for a false

negative, the result should be flagged if LH’p(H′|y) > LHp(H|y),
or equivalently if p(H|y)/p(H′|y) < LH’/LH (Parmigiani 2002,
chap. 2), when the posterior odds of health fail to exceed the
cost of a false negative relative to a false positive. The Neyman-
Pearson Lemma, without setting explicit costs of flagging the
result, similarly provides that the most powerful α-level test
rejects H for H′ if p(y|H)/p(y|H′) < c for a constant c. This
again requires knowledge of the non-healthy distribution.

To decide on an action, such as to assign a medical treatment,
the potential outcomes of each treatment should be taken into
account. Suppose a utility function U(z) assigns a numerical
desirability to a given clinical outcome z. A treatment may have
different outcomes; the (random) utility given a treatment t
can be called U(z)|t. Presumably the outcome given the treat-
ment also depends on the patient’s state of health. This state
is unknown, so to calculate the expected utility of a treatment
given the test result, one can take y as an intermediary of the state
of health, and compute the weighted sum of the utility across
these states to yield the expected utility of the treatment:

E(U(z)|t, y) = E(U(z)|t, H)p(H|y)
+ E(U(z)|t, H′)(1 − p(H|y)). (3)

Note that again these calculations require the posterior proba-
bility of health, beyond simply the reference distribution. Also
note that additional data x that may be useful in calculating the
posterior probability of health can in principle be incorporated
into these calculations to make decisions more precise, so that
wherever one conditions on y, one can also condition on x. In
general this is done via regression, which we will discuss later
with respect to inferring better-personalized reference distribu-
tions.

3. Jointly Interpreting Results Depends on their
Relationship with Each Other (and with Health)

Bayes’ theorem also allows us to interpret the levels of several
analytes, say y1 and y2, together with respect to health:

p(H|y1, y2) = p(y1, y2|H)p(H)

p(y1, y2)

= p(y1|y2, H)p(y2|H)p(H)

p(y1|y2)p(y2)
. (4)

Conditioning on results of multiple tests in principle enables
more precise estimation of the probability of health, but when
using solely reference distributions we would again miss the
non-healthy variation to exactly compute this probability. Thus,
it is not always advantageous to use the joint reference distri-
bution of y1 and y2. We illustrate a variety of circumstances in
Figures 2 and S2.

The degrees to which y1 and y2 are each associated with
health influence whether to jointly consider them. For the sake
of intuition, take the extreme case that the healthy and non-
healthy distributions of y2 are identical, that is, that y2 is inde-
pendent of health. This fact would be taken into account when
computing the posterior, but not in the joint reference distribu-
tion p(y1, y2|H). In Figure 2(A) and (C), for example, extreme y2
is not in itself concerning, but the degree to which a particular y1
is extreme can be inappropriately altered by the inclusion of y2
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Figure 2. Examples of how the joint distributions of two analytes y1 and y2 are related to the posterior probability of health. Shown are 95% joint highest density regions
of the healthy (blue ellipses) and non-healthy (red ellipses) distributions, as well as the 95% marginal highest density intervals of the healthy distributions (dotted lines).
Blue ellipses are thus joint reference regions while dotted lines mark univariate reference ranges. The prior probability of health is p(H) = 0.9. In (A–B), y1 and y2 are
independent, and while y1 is here always associated with health, y2 is unassociated with health in (A) and (C).

(Healy 1973). It can thus be misleading to combine the reference
distribution of y1 with y2, an effect alleviated as the association
of y2 with health increases (Figure 2(B), (D)).

Whether it is advantageous to consider the joint distribution
also depends on the relationship between y1 and y2. By the
Neyman-Pearson lemma, one should reject the hypothesis of
health according to the ratio

p(y1, y2|H)

p(y1, y2|H′)
= p(y1|y2, H)p(y2|H)

p(y1|y2, H′)p(y2|H′)
. (5)

If y2 is independent of health, that is, p(y2|H) = p(y2|H′),
the ratio still depends on y2. It is when, also, p(y1|y2, H) =
p(y1|H) and p(y1|y2, H′) = p(y1|H′), that is, when the two
analytes are also independent of each other under both states,
that the dependence on y2 is lost and the ratio simplifies to
p(y1|H)/p(y1|H′), the univariate ratio. Meanwhile, if y1 and
y2 are independent given health (Figure 2(A)–(B)), the joint
reference distribution simply separates into p(y1|H)p(y2|H), the
product of the individual reference densities.

The advantage of using joint reference distributions can be
seen when y1 and y2 similarly covary among healthy and non-
healthy people and are both associated with health; in Fig-
ure 2(D), the values of the posterior are diagonally symmetric
and the reference distribution captures its shape. If only healthy
or only non-healthy y1 and y2 covary, the posterior can follow a
diagonal, sometimes behaving in ways unpredicted by the shape
of the reference distribution (Figure S2). The general advice
that tests that are combined be “systematically” (Grams, John-
son, and Benson 1972) or “physiologically” (Boyd and Lacher
1982) related is sound: it implies they covary. But these are not
sufficient conditions because if they do not covary in a similar
way between healthy and non-healthy populations, the reference
distribution could be a poor proxy of the shape of the posterior
distribution (Figure 2(E)).

The following three blood measurements constitute a
relevant example. The product of mean corpuscular hemoglobin
(MCH) and red blood cell (RBC) count determines the
hemoglobin concentration (HGB), a common measure of
anemia as it quantifies how much oxygen a volume of blood
can deliver. Based on this logic, MCH and RBC would better
diagnose anemia together than apart, but is it better to use the
reference distribution of HGB (a function of the MCH and
RBC) or the joint distribution of MCH and RBC? The latter
was observed in one study to be better diagnostic of mortality
risk (Malka et al. 2020), suggesting it can be important to know
whether MCH and RBC are jointly extreme even if HGB is not.

As others have noted, jointly considering analytes affects how
one interprets the extremeness of a set of results. For example,
a set of results that have no extremes apart may be extreme
together (Boyd and Lacher 1982), and results extreme apart may
not be extreme together (Winkel and Lyngbye 1972). Propo-
nents of joint reference regions have argued that results should
be combined because they make for more specific interpretation
(Grams, Johnson, and Benson 1972). Other proponents have
argued that they can control for false positives that arise from
multiple testing (Winkel and Lyngbye 1972; Harris et al. 1982;
Boyd 2004), while it has also been regretted that joint reference
regions can bury the extremeness of a single test (Boyd and
Lacher 1982). But as we have shown, the diagnostic impact of
jointly considering analytes depends on their relationship with
each other and with health. Joint reference distributions can be
useful in some cases and misleading in others.

4. Conditioning on Features Personalizes Reference
Distributions

What if y depends on some random variable, a feature x unasso-
ciated with health, that is, for which x|H and x|H′ are identically
distributed? An implication of our analysis above is that jointly
considering two covarying analytes where y is associated with
health and x is not (as in Figure 2(C), taking y to be y1 and x
to be y2), risks a misleading interpretation of the extremeness
of x with respect to health. The joint reference distribution is
p(y, x|H) = p(y|x, H)p(x|H). But from (4) we see that p(x|H) =
p(x|H′) implies

p(H|y, x) = p(y|x, H)p(x|H)p(H)

p(y|x)p(x)
= p(y|x, H)p(H)

p(y|x)
, (6)

canceling p(x|H) with p(x) and making it irrelevant in the
calculation of the posterior probability of health. The reference
distribution that remains is p(y|x, H), which we can call the
reference distribution of y specified to x. This logic provides
the theoretical justification for when the reference distribution
of x can be disregarded. There may be other reasons to do so,
including to avoid risks in interpreting joint distributions that
we highlighted earlier, or simply to keep interpretation focused
on y. It may be useful, for example, to measure the extremeness
of a result adjusted to the patient’s age (Oesterling et al. 1993;
Nichols et al. 2007) while not compounding this quantity with
age itself as an indicator of concern.

Even if the reference distribution of x can be disregarded,
this x should not necessarily be disregarded with respect to
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the reference distribution of y. Suppose such a feature x exists:
a feature of patients or their test conditions (e.g., the testing
instrument or the time of day (Fraser 2001)) not associated with
health, or whose prevalence among healthy people one would
like to disregard, but which is associated with the result y. Then
while a random sample of the healthy population would exhibit
the healthy variation in results in general (Schneider 1960),
p(y|H), it might not estimate well the healthy variation p(y|x, H)

one should expect given the feature (Boyd 2010). Suppose the
patient is an athlete and exercises far more than most people
sampled. The greater the effect of exercise on healthy results,
the more likely is a false positive for the patient when using a
reference interval derived from the general healthy population.
Creatine kinase, for example, is elevated under both muscular
dystrophy and following intense physical exercise (Baird et al.
2012).

Note that (6) shows that the interpretation of the reference
distribution with respect to the probability of health may change
depending on the features conditioned on. This would occur if,
as features are conditioned on, the distribution of results among
non-healthy people does not mirror changes in the reference
distribution. Thus, two results of the same analyte, under dif-
ferent feature values, which each fall outside their specified 95%
reference interval may not necessitate the same level of concern
(Ceriotti and Henny 2008). (One consequence of this fact is that
the argument that intra-person reference intervals, derived only
from previous results from the patient, are preferable to inter-
person ones (Harris 1974) may not be so straightforward: how
should thresholds be calibrated for each patient?)

With this caveat in mind, to adjust for a dichotomy in test
results, perhaps if certain statistical criteria (Harris and Boyd
1990; Lahti et al. 2004; Ichihara, Boyd, and IFCC Committee on
Reference Intervals and Decision Limits (C-RIDL) 2010) indi-
cate to do so, we might opt to consider only samples from people
who share the differentiating feature, such as fellow athletes. This
process is called subgrouping and it is the current practice for
making reference intervals specific to certain features (Clinical
and Laboratory Standards Institute 2008). In reality, however,
there are many features about the patient and the conditions
under which the test was performed (Schneider 1960; Fraser
2001). Progressively conditioning on each such x further limits
the people who can be sampled and the test conditions under
which they can be sampled.

Rather, a single sample of a general population is simpler to
collect and more widely applicable. In such a sample, features
will only sometimes match the patient’s; to subset the data by
even two levels of specificity—say, to athletes over 25 years old—
greatly reduces the number of samples with which to construct a
more specific reference distribution. Framed in this way, it seems
we must be satisfied with reference distributions in which we
are confident, being derived from a large reference sample, but
which are perhaps not as specific as we would like.

5. Reference Distributions Can be Seen as Posterior
Predictives of Regression

Let us consider the problem of specifying reference distributions
more formally. We have thus far examined how to interpret

reference distributions when they are exactly known. We will
adjust our notation to speak of inferring them from data. Let
X be a matrix, the ith row of which comprises the ith reference
individual’s values of the k features x1, . . . , xk, and let y be
the vector of reference values, the ith element of which is the
test result of the ith reference individual. We can call X and y
together the reference data. Now let x̃ represent the features of
the patient’s test (which was not part of the reference sample).
An x̃ of the patient consisting of k = 3 features could be (1, 1, 0),
maybe meaning: over 25 years old, athlete, not ambidextrous.

The reference distribution specified to the patient’s test is then
the distribution of the result conditional on its features and the
reference data: in probabilistic terms, p(ỹ|x̃, X, y, H). To infer a
random variable’s relationship with features is to perform regres-
sion, and the distribution of new data based on observed data
is called the posterior predictive. Thus, a reference distribution
can be interpreted as the posterior predictive distribution of
regression.

To compute this distribution, it is necessary to specify a
model that sets the form of the relationship between Xi and yi.
A possible regression model is one that disregards the features
and explains the result as simply a mean value β0 plus normal
random error ε:

yi|H = β0 + ε, (7)

where ε ∼ Normal(0, σ). Reference distributions are usually
constructed assuming this model, computing only p(ỹ|y, H).
Uncertainty in the parameters is ignored if p(ỹ|β0 = β̂0, σ =
σ̂ , H) is computed, where β̂0 and σ̂ represent estimates of the
parameters, for example, when the reference distribution is
assumed to be normal around the sample mean with variance
equal to the sample variance (Horn and Pesce 2003).

Subgrouping to make reference distributions more specific
would seem again to necessitate too much data to be feasible
beyond a few levels of conditioning. To calculate separate ref-
erence distributions for all combinations of k binary subgroups,
it seems 2k of these models must be created, β0 and σ inferred
separately for each possible Xi. One would need to separately
sample test results arising from 2k combinations of features.

Using regression to construct reference distributions (Vir-
tanen et al. 1998; Suominen et al. 2001; Holmes et al. 2021),
however, can be considerably more efficient than subgrouping.
With subgrouping, the statistical effect of a feature is inferred
anew for each combination of the remaining features; the effect
of being an athlete would be inferred independently for younger
and older people. (We use “effects” to refer to regression coef-
ficients; features need not be causal.) But instead of model-
ing subgroups separately, one can treat them as features which
contribute, independently at least to some degree, to the result
(Ichihara, Boyd, and IFCC Committee on Reference Intervals
and Decision Limits (C-RIDL) 2010). For example, in the form
of a linear model in which

yi|H = β0 + β1Xi1 + · · · + βkXik + ε. (8)

This kind of regression infers the effect of being an athlete
from both younger and older reference individuals, potentially
extracting more value from the data (Holmes et al. 2021).

There are risks in adding features to a model. First, reference
distributions can always be made more specific, and at some level
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Figure 3. Inferring the 95% reference interval as the presence of two binary features are progressively accounted for. Each point represents one reference interval, inferred
from a sample of 100 simulated observations. The informative feature x1 occurs among 50% of people and its presence is associated with a unit increase in the result.
The other, spurious feature x2 occurs among 5% of people and has no association with the result. The model is y = β0 + β1x1 + β2x2 + ε and the true coefficients are
β0 = β2 = 0 and β1 = 1 with ε ∼ Normal(0, 3

4 ). Different priors over β2 are considered: Normal(0, 10) (wide prior), Normal(−1, 1
4 ) (biased prior), and Normal(0, 1

4 )

(regularizing prior).

of specificity the data will be too limited to precisely infer effects.
Uncertainty in the model parameters θ increases the variance
of the posterior predictive distribution, which integrates over
uncertainty in the parameters:

p(ỹ|x̃, X, y, H) =
∫

p(ỹ|x̃, θ , H)p(θ |X, y, H)dθ . (9)

This integral essentially computes an aggregate reference dis-
tribution that combines the possible densities of the reference
distribution under different parameter settings, weighted by the
posterior probabilities of those settings. The equation reflects,
for example, that if we are uncertain that the effect of a feature
is as negative as it seems to be, then we should not be as
surprised to see a large result than if we were certain in the
effect. Well-considered, informative priors (Van Dongen 2006)
allow features to be incorporated into the model without unnec-
essarily increasing uncertainty in the reference distribution or
overfitting the reference data, leading to more accurate reference
intervals (Figure 3). Setting priors such that in total they agree
with the expected prior predictive variance (Gelman, Hill, and
Vehtari 2020, chap. 12), for example, could be useful; we should
not expect variance in results to be arbitrarily large.

A second risk in incorporating additional features is that
models are always wrong to some degree, passing inaccura-
cies downstream to the posterior predictive distribution. For
example, we thus far assumed homoscedasticity, that is, that the
variance of the error is constant across values of the feature.
Suppose instead that error varies with some binary feature xj,
lower when it is present and higher when absent. Fitting a
homoscedastic model to this data, we may find that the error
when xj = 1 is overestimated and that it is underestimated when
xj = 0, the posterior predictives being too wide and too narrow,
respectively. The functional form of the feature effects may also
be incorrect. This can occur, for example, when effects of two

binary features are modeled additively while in fact their com-
bined effect is distinct. This misspecification skews coefficient
estimates of the features that are accounted for (Figure S3).

Since a reference distribution is effectively a posterior predic-
tive distribution, the regression model used to infer it can most
directly be assessed via predictive checks (Box 1980; Gelman
et al. 2013; Gelman, Hill, and Vehtari 2020), which evaluate
the predicted distribution of new data ỹ under the model. For
one, prior predictive checks can be used to evaluate whether
the model is a priori reasonable. The prior predictive is the
reference distribution before any data is observed, computed
as in (9) but without conditioning on reference data, that is,
p(ỹ|x̃, X, H) = ∫

p(ỹ|x̃, θ , H)p(θ |H)dθ . A simple prior predic-
tive check is to visualize prior reference distributions under
different settings of the covariates and to assess whether they
are reasonably consistent with one’s knowledge of the analyte.
Such checks are especially important when working with more
complicated models or when data is limited and the posterior is
liable to be dominated by the prior (Gelman et al. 2013, chap. 2).
Following inference of parameters from actual data, posterior
predictive checks can be used to assess the model by comparing
statistics of the inferred reference distributions to distributions
of empirical test results; greater deviation between these two
distributions indicates greater misspecification of the model
(Blei 2014). Models at risk of overfitting would benefit from
cross-validation, that is, iteratively holding out portions of the
data, inferring the reference distribution using the remainder,
and testing how well the inferred reference distribution matches
the holdout data. Ideally, a model should be iteratively adjusted
and criticized until it passes such checks (Blei 2014).

6. An Example: Serum Albumin

We will use measurements of serum albumin from the National
Health and Nutrition Examination Survey (NHANES) of 2017
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to March 2020 (Akinbami et al. 2022) to illustrate principles
we have discussed, about the difference between binary and
probabilistic interpretations of results, assumptions on the form
of the reference data, the behavior of the posterior probability
of health, incorporating additional variables (namely body mass
index), and evaluating predictiveness.

We restricted the original dataset of about 15,000 participants
to those with complete measurements of serum albumin and
body mass index, and questionnaire responses we use to deter-
mine health status, leaving 7757 participants. For the purposes
of our analysis, we define a healthy participant as one who
reported no history of chronic illness, specifically arthritis, heart
disease, thyroid problems, lung disease, liver conditions, and
cancer or malignancy as inquired by the questionnaire. Under
these criteria, 53% of the participants were healthy.

Serum albumin, measured in NHANES at a resolution of
tenths of a gram per deciliter, is a protein that plays a role in a
variety of physiological processes including molecular transport
and regulation of blood pressure (Belinskaia, Voronina, and
Goncharov 2021). Low levels of serum albumin are associated
with various diseases (Phillips, Shaper, and Whincup 1989),
including of the liver (Spinella, Sawhney, and Jalan 2016), kidney
(Haller 2006), and heart (Arques 2018). It is often used in inten-
sive care as an indicator of the severity of illness (Goldwasser and
Feldman 1997; Erstad 2021).

Although serum albumin is strongly associated with mor-
tality in intensive care (Kendall, Abreu, and Cheng 2019; Cao
et al. 2023), in this survey data there is considerable overlap in
the healthy and non-healthy distributions (Figure 4(A)). The
empirical 95% reference range is 3.5–4.7 g/dL; for comparison,
a common reference book states a range of 3.5–5 g/dL (Pagana,
Pagana, and Pagana 2015). As the upper range of results does
not appear to be concerning, consider using the lower bound
of this range, 3.5 g/dL, to predict the participant is non-healthy
with a result less than this value and healthy otherwise. The non-

healthy data allows us to calculate such statistics of classification
as the false positive rate, the fraction of true negatives predicted
wrongly as positive. On the whole NHANES data, the false
positive rate using this threshold is just 3% but the true positive
rate, that is, the fraction of true positives predicted as such, is
only 5%. One can adjust the threshold to yield different rates,
but due to the limited separation of the healthy and non-healthy
distributions of serum albumin, one faces a steep tradeoff; to
reach a true positive rate of 55% would yield a false positive
rate of 43% (Figure S4A). In terms of classical hypothesis testing
(Lehmann and Romano 2005), the threshold essentially deter-
mines the decision rule used to reject the null hypothesis of
health. The choice of threshold can therefore be seen as a tradeoff
between statistical power to detect disease and Type I error of
incorrectly rejecting the healthy hypothesis.

Though it is difficult to predict whether a participant is
healthy, the probability of health can be calculated fairly pre-
cisely using a simple model. Let us first assume both the healthy
and non-healthy values of serum albumin are normally dis-
tributed. The sample standard deviation of the non-healthy
distribution is in this case slightly less than that of the healthy
distribution, and so under this assumption an extreme enough
serum albumin result will not be of concern, as in Figure S1A.
There is in principle, however, always a high enough concen-
tration of an analyte that would be cause for concern, nor is
severely low albumin auspicious in light of its various physio-
logical roles; there may, in reality, and in contradiction to the
normality assumption, be those with rare diseases whose results
would populate other non-healthy modes and thereby greatly
decrease the posterior probability of health at the tails. A simple
remediation of the normality assumption is to restrict the range
of analysis to the range of observed test results, as we do here,
and acknowledge ignorance outside it.

Another consideration in calculating the probability of health
is whether to integrate over uncertainty in the mean and

Figure 4. (A) The posterior probability of health with respect to serum albumin among a sample of three thousand NHANES 2017–March 2020 participants labeled using
questionnaire data as healthy, blue, or unhealthy, red, with respect to chronic illness. Included are density histograms and normal approximations of serum albumin levels.
The empirical 95% reference range is 3.5 to 4.7 g/dL as shown. The prior probability of health is set to 0.5. (B) The posterior probability of health with respect also to body
mass index. Overlaid are the mean and standard error of serum albumin in bins of body mass index, and the modeled central 95% intervals of serum albumin results.
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variance of each distribution, for example assuming y|H ∼
Normal(μ, σ 2) with a noninformative p(μ, σ 2) ∝ σ−2 prior.
The posterior predictive distribution p(ỹ|y, H) would then be t-
distributed with n − 1 degrees of freedom, location equal to the
sample mean, and scale equal to the sample standard deviation
times

√
1 + 1/n (Gelman et al. 2013, chap. 3). As n increases,

the scale approaches the standard deviation and the distribution
approaches normality. Since there are on the order of thousands
of participants, let us simply assume that the posterior predictive
distribution is well-approximated as normal with mean equal to
the sample mean and variance equal to the sample variation.
The corresponding posterior probability of health, calculated
using (1), is shown in Figure 4(A).

Let us now consider an additional variable of interest. Mean
serum albumin decreases fairly linearly with respect to body
mass index (Figure 4(B)). Assuming for simplicity that the rate
of decrease is identical between both groups and that variance in
serum albumin is constant across body mass index within each
group, we can say, roughly, that y|H ∼ Normal(4.3−0.007x, s2

H)

and y|H′ ∼ Normal(4.15−0.007x, s2
H′) where x is the body mass

index of the participant and s2
H and s2

H′ are the sample healthy
and non-healthy variations in serum albumin. Assuming body
mass index is gamma-distributed (Figure S4B), we can then use
(4) to compute the posterior probability of health given both
serum albumin and body mass index (Figure 4(B)).

The predictions of the two models are similar; the rank
correlation of their predictions on holdout data is 0.92. The
greatest change in posterior probability of health moving from
the albumin-only model to the combined model is for those with
relatively low and high body mass index (Figure S4C). While
it is still inherently difficult to confidently predict whether a
participant is healthy using these variables, the model is rea-
sonably well-calibrated in that a fairly precise calculation of the
probability of disease can be made (Figure S4D). A more detailed
model might handle the tails of the distributions more precisely
to improve the probability calibration, and more variables could
be incorporated to understand their implications with respect to
health.

7. Discussion

How then should a patient’s test result be interpreted? Ideally,
based on the results and prevalence of people with and without
the diagnoses of interest, one could weigh the probability of the
diagnoses. It is less demanding, in terms of data collection and
modeling, to just consider the likelihood that the result arose
under healthy conditions, assuming the more extreme the result,
the more concerning it is. A reference distribution, estimated
from reference data of a sample of healthy people, provides these
likelihoods. If other health-associated analytes covary with the
one measured, it may, depending on the nature of the covariance,
be useful to consider their joint reference distribution. Finally, it
is possible that the effects of features recorded in the reference
data could be inferred using a carefully specified regression
model and be used to generate a reference distribution more
specific to the patient.

In contrast to reference intervals, decision limits use clinical
outcomes to define thresholds, thus, taking both the healthy

and non-healthy into account. Decision limits are now used
to interpret some tests (Prati et al. 2002; Ozarda et al. 2018),
but data to construct them is limited (Miller et al. 2016) and
not many of them have been set (Ceriotti and Henny 2008).
It is generally agreed that they are preferable to their reference
interval counterparts (Ceriotti and Henny 2008; Clinical and
Laboratory Standards Institute 2008; Sikaris 2012; Miller et al.
2016). Our theoretical reasoning supports this conclusion; when
the underlying healthy and non-healthy distributions and prior
are exactly known, computation of the posterior probability of
health (or a particular diagnosis) as in (1) is more precise and
avoids the interpretive risks of relying solely on the reference
distribution. Likelihood ratios (Van der Helm and Hische 1979),
for example, p(y|d)/p(y|d′), capture one component of (1) and
are useful as a test via the Neyman-Pearson lemma (Neyman and
Pearson 1933) to fix the probability of a false positive to a desired
level while maximizing the power to detect true positives. How-
ever, likelihoods should be adjusted by the prior, for example,
p(d) (Boyd 2010), when computing the posterior probability
of disease, and as we have shown, it is useful to continue with
full Bayesian calculation as far as possible before a decision
threshold must be made.

We simulated univariate regression with respect to binary
features to illustrate general considerations of using regression to
specify reference distributions. With additional model assump-
tions, joint reference distributions could be derived by multivari-
ate regression (Gelman et al. 2013, chap. 16). There are oppor-
tunities and risks in incorporating continuous features (Royston
1991), which we did in our analysis of serum albumin. Assuming
a functional form of the effect of a feature risks increasing model
misspecification. But if the function is correct, this approach
has advantages over the traditional practice (Nichols et al. 2007)
of binning continuous features and modeling results indepen-
dently within each bin. For one, intervals could be specified
to the exact feature value, for example, age rather than age
bin. There can be additional complications in regression to the
ones we showed, such as covariance between modeled features,
which increases uncertainty about their effects (Gelman, Hill,
and Vehtari 2020, chap. 10) and thereby widens posterior pre-
dictives. We repeatedly assumed results are normally distributed
for sake of demonstration, but this should not hastily be assumed
in practice (Elveback, Guillier, and Keating 1970).

The Bayesian formulation of reference distributions could be
applied to additional problems in constructing them. One such
problem is reconciling differences between different laborato-
ries (Panteghini 2012; Higgins, Nieuwesteeg, and Adeli 2020).
For example, multi-level modeling—which splits samples into
groups, between which parameter estimates are partially pooled
(Gelman and Hill 2006)—could be used to capture how effects
vary across labs. Current practice in transference of reference
intervals between laboratories, important for reducing costs,
is to draw a small sample to validate that an existing interval
applies to the new lab (Clinical and Laboratory Standards Insti-
tute 2008). Although intervals can align well with one another
(Estey et al. 2013), there is a dead end in the procedure if
they do not. Multi-level modeling would allow data from other
laboratories to be used to reduce the sample burden even if
intervals are not strictly consistent.
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A theme of our work is the importance of the marginal
likelihood, p(y), or in the case of regression, p(y|x), in inter-
preting reference distributions. If it is not available, reference
distributions can be used provided assumptions on the missing
factors, though this limits the statistical rigor with which deci-
sion thresholds can be set. Regression can be applied to take
more and more features into account, gradually personalizing
interpretation of results from limited data. Tracking technical
and physiological details of tests (Sunderman Jr. 1975), pooling
data (Manrai, Patel, and Ioannidis 2018), and iterating through
careful modeling and criticism (Blei 2014) will be useful to
realize clinical lab diagnostics of growing precision.

8. Methods

Linear regression was performed using rstanarm (Goodrich
et al. 2020), built on the Stan programming language (Carpenter
et al. 2017). We set a Normal(0, 10) prior over coefficients unless
otherwise stated, and an Exponential(1) prior over the standard
deviation of the error. Code can be accessed at https://github.
com/berkalpay/reference-distributions.

Supplementary Materials

The supplemental material illustrates additional examples of the posterior
probability of health, inferences of a linear model that neglects an interac-
tion term, and further analysis of serum albumin.
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